(2) Let L be a local field of equal characteristic (of any dimension). Then an element of Br(L) is an example of a skew field which is finite dimensional over its centre.
From now on let K be a two-dimensional local skew field. Let t 2 be a generator of M K 2 and t ′ 1 be a generator of M K 1 . If t 1 ∈ K is a lifting of t ′ 1 then t 1 , t 2 is called a system of local parameters of K . We denote by v K 2 and v K 1 the (surjective) discrete valuations of K 2 and K 1 associated with t 2 and t ′ 1 .
Definition.
A two-dimensional local skew field K is said to split if there is a section of the homomorphism O K 2 → K 1 where O K 2 is the ring of integers of K 2 .
Example (N. Dubrovin).
Let Q ((u)) x, y be a free associative algebra over Q ((u)) with generators x, y. Let I = [x, [x, y] ], [y, [x, y]] . Then the quotient A = Q ((u)) x, y /I is a Q-algebra which has no non-trivial zero divisors, and in which z = [x, y] + I is a central element. Any element of A can be uniquely represented in the form One can define a discrete valuation w on A such that w(x) = w(y) = w(Q ((u))) = 0, w([x, y]) = 1, w(a) = k if a = f k z k + . . . + f m z m , f k = 0. The skew field B of fractions of A has a discrete valuation v which is a unique extension of w. The completion of B with respect to v is a two-dimensional local skew field which does not split (for details see [Zh, Lemma 9] ).
Definition. Assume that K 1 is a field. The homomorphism
Canonical automorphisms of infinite order
Theorem.
(1) Let K be a two-dimensional local skew field. If α n = id for all n 1 then char (K 2 ) = char (K 1 ), K splits and K is isomorphic to a two-dimensional local skew field K 1 ((t 2 )) where
Remarks.
1. This theorem is true for any higher local skew field. 2. There are examples (similar to Dubrovin's example) of local skew fields which do not split and in which α n = id for some positive integer n.
Proof. (2) follows from (1). We sketch the proof of (1). For details see [Zh, Th.1] . If char (K) = char (K 1 ) then char (K 1 ) = p > 0. Hence v(p) = r > 0. Then for any element t ∈ K with v(t) = 0 we have ptp −1 ≡ α r (t) mod M K where t is the image of t in K 1 . But on the other hand, pt = tp, a contradiction.
Let F be the prime field in K . Since char (K) = char (K 1 ) the field F is a subring of O = O K 2 . One can easily show that there exists an element c ∈ K 1 such that α n (c) = c for every n 1 [Zh, Lemma 5 
for all e, f ∈ L. Take an element h such that α(h) = h, then δ 1 (a) = gα(a) − ag where g = δ 1 (h)/(α(h) − h). Therefore there is a 1 ∈ K 1 such that
By induction we can find an element a ′ = . . . 
similarly to the beginning of this proof
we deduce that the image of (a
Thus, L = K 1 .
To prove that K is isomorphic to a skew field K 1 ((t 2 )) where t 2 a = α(a)t 2 one can apply similar arguments as in the proof of the existence of an element a ′ such that a ′ xa ′ −1 = x (see above). So, one can find a parameter t 2 with a given property.
In some cases we have a complete classification of local skew fields.
Two automorphisms α and β are conjugate if and only if
Proof. First we prove that α = f β ′ f −1 where
for some natural i. Then we prove that
One can check that a 2,2 = x 2 (ζ 2 − ζ) + a 2,1 and hence there exists an element x 2 ∈ k such that a 2,2 = 0. Since a j,i+1 = a j,i , we have a 2,j = 0 for all j 2. Further, a 3,3 = x 3 (ζ 3 − ζ) + a 3,2 and hence there exists an element x 3 ∈ k such that a 3,3 = 0. Then a 3,j = 0 for all j 3. Thus, any element a k,k can be made equal to zero if n |(k − 1), and therefore α = fαf −1 wherẽ
From this fact it immediately follows that a 2in+1,in+1 does not depend on x i and for all k = in + 1 a k+in,k can be made equal to zero. Then y = y(α) = a 2in+1,in+1 . Now we prove that i α = i β ′ . Using the formula Assume that a two-dimensional local skew field K splits, K 1 is a field, K 0 ⊂ Z(K), char (K) = char (K 0 ) = 0, α n = id for some n 1, for any convergent sequence (a j ) in K 1 the sequence (t 2 a j t −1 2 ) converges in K .
Lemma. K is isomorphic to a two-dimensional local skew field K 1 ((t 2 )) where
for all a ∈ K 1 where n|i and δ j : K 1 → K 1 are linear maps and Remark. The following fact holds for the field K of any characteristic: K is isomorphic to a two-dimensional local skew field K 1 ((t 2 )) where
2 + . . . where δ j are linear maps which satisfy some identity. For explicit formulas see [Zh, Prop.2 and Cor.1] .
Proof. It is clear that K is isomorphic to a two-dimensional local skew field K 1 ((t 2 )) where
From the proof of Theorem 8.2 it follows that δ 1 is an inner derivation, i.e. δ 1 (a) = gα 2 (a) − α(a)g for some g ∈ K 1 , and that there exists a t 2,2 = (1 + x 1 t 2 )t 2 such that One can easily check that δ 2,2 is a (α 3 , α)-derivation. Then it is an inner derivation and there exists t 2,3 such that Definition. Let i = v K 2 (ϕ(t n 2 )(t 1 ) − t 1 ) ∈ nN ∪ ∞, ( ϕ is defined in subsection 8.1) and let r ∈ Z/i be v K 1 (x) mod i where x is the residue of (ϕ(t n 2 )(t 1 ) − t 1 )t −i
. Put
2 )(t 1 )
are the maps from the preceding lemma).
Proposition. If n = 1 then i, r don't depend on the choice of a system of local parameters; if i = 1 then a does not depend on the choice of a system of local parameters; if n = 1 then a depends only on the maps δ i+1 , . . . , δ 2i−1 , i, r depend only on the maps δ j , j / ∈ nN , j < i.
Proof. We comment on the statement first. The maps δ j are uniquely defined by parameters t 1 , t 2 and they depend on the choice of these parameters. So the claim that i, r depend only on the maps δ j , j / ∈ nN , j < i means that i, r don't depend on the choice of parameters t 1 , t 2 which preserve the maps δ j , j / ∈ nN , j < i. Note that r depends only on i. Hence it is sufficient to prove the proposition only for i and a. Moreover it suffices to prove it for the case where n = 1, i = 1, because if n = 1 then the sets {δ j : j / ∈ nN } and {δ i+1 : . . . , δ 2i−1 } are empty. It is clear that i depends on δ j , j / ∈ nN . Indeed, it is known that δ 1 is an inner (α 2 , α)-derivation (see the proof of the lemma). By [Zh, Lemma 3] we can change a parameter t 2 such that δ 1 can be made equal δ 1 (t 1 ) = t 1 . Then one can see that i = 1. From the other hand we can change a parameter t 2 such that δ 1 can be made equal to 0. In this case i > 1. This means that i depends on δ 1 . By [Zh, Cor.3] any map δ j is uniquely determined by the maps δ q , q < j and by an element δ j (t 1 ). Then using similar arguments and induction one deduces that i depends on other maps δ j , j / ∈ nN , j < i. Now we prove that i does not depend on the choice of parameters t 1 , t 2 which preserve the maps δ j , j / ∈ nN , j < i. Note that i does not depend on the choice of t 1 : indeed, if t
One can see that the same is true for t ′ 1 = c 1 t 1 + c 2 t 2 2 + . . . , c j ∈ K 0 . Let δ q be the first non-zero map for given t 1 , t 2 . If q = i then by [Zh, Lemma 8, (ii) ] there exists a parameter t ′ 1 such that zt
. Using this fact and Proposition 8.2 we can reduce the proof to the case where q = i, α(t 1 ) = ξt 1 , α(δ i (t 1 )) = ξδ i (t 1 ) (this case is equivalent to the case of n = 1 ). Then we apply [Zh, Lemma 3] to show that
for any parameters t 2 , t ′ 2 , i.e. i does not depend on the choice of a parameter t 2 . For details see [Zh, Prop.6] .
To prove that a depends only on δ i+1 , . . . , δ 2i−1 we use the fact that for any pair of parameters t [Zh, Lemma 3] a depends on t ′′ 2 = t 2 + a 1 t 2 2 + . . . , a j ∈ K 1 if and only if a 1 = . . . = a i−1 . Using direct calculations one can check that a doesn't depend on t ′′ 2 = a 0 t 2 , a 0 ∈ K * 1 .
To prove the fact it is sufficient to prove it for t ′′ 1 = t 1 + ct h 1 z j for any j < i, c ∈ K 0 . Using [Zh, Lemma 8] one can reduce the proof to the assertion that some identity holds. The identity is, in fact, some equation on residue elements. One can check it by direct calculations. For details see [Zh, Prop.7] .
Remark. The numbers i, r, a can be defined only for local skew fields which splits. One can check that the definition can not be extended to the skew field in Dubrovin's example.
Theorem.
(1) K is isomorphic to a two-dimensional local skew field K 0 ((t 1 ))((t 2 )) such that
where ξ is a primitive n th root, (n, ξ, i, r, c, a) and ( 
Proof. (2) follows from the Proposition of 8.2 and (1). We sketch the proof of (1 
Corollary. Every two-dimensional local skew field K with the ordered set (n, ξ, i, r, c, a) is a finite-dimensional extension of a skew field with the ordered set (1, 1, 1, 0, 1, a).
Remark. There is a construction of a two-dimensional local skew field with a given set (n, ξ, i, r, c, a).
Examples.
(1) The ring of formal pseudo-differential equations is the skew field with the set (n = 1, ξ = 1, i = 1, r = 0, c = 1, a = 0). (2) The elements of Br(L) where L is a two-dimensional local field of equal characteristic are local skew fields. If, for example, L is a C 2 -field, they split and i = ∞. Hence any division algebra in Br(L) is cyclic. 
Proof. The "if" part is obvious. We sketch the proof of the "only if" part.
If K is a finite dimensional vector space over its center then K is a division algebra over a henselian field. In fact, the center of K is a two-dimensional local field k((u))((t)). Then by [JW, Prop.1.7 ] K 1 /(Z(K)) 1 is a purely inseparable extension.
Hence there exists t 1 such that t p k 1 ∈ Z(K) for some k ∈ N and K ≃ K 0 ((t 1 ))((t 2 )) as a vector space with the relation First we prove that (i, p) = 1. To show it we prove that if p|i then there exists a map δ j such that δ j (t Then we prove that for some t 2 property (*) holds. To show it we prove that if property (*) does not hold then there exists a map δ j such that δ j (t p k 1 ) = 0. To find this map we reduce the proof to the case of i ≡ 1 mod p. Then we apply the following idea.
